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Abstract: 

Let        
     in      , let             

     be the closed a series of shift invariant subspace of       spanned by integer 

translates           
           of             

   . Assume that             
     is a frame or a Riesz generator of 

            
   , we first find conditions under which             

    becomes a reproducing kernel Hilbert space. We then find 
necessary and sufficient conditions under which an irregular or a regular shifted sampling expansion formula holds 

on             
      and obtain truncation error estimates of the sampling series. We also find a sufficient condition for a function 

in       that belongs to a sampling subspace of      . And finally it has been clarified many examples and result . 
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1. Introduction 

 

  For any        
     in       , let             

   = 

span           
            be the closed subspace of 

     spanned by integer translates            
        

    of        
    . We call             

    the shift invariant 

space generated by        
     and        

     a frame or a 

Riesz or an orthonormal generator if            
        

    is a frame or a Riesz basis or an orthonormal basis of 

             
     For more details on the structure of shift 

invariant spaces with single and multiple generators, we refer 

to [2] and [12].When        
    = 

         
     

  
         

    are an orthonormal generator of 

             
    =     , the Paley–Wiener space of signals 

band-limited in        and the celebrated WSK (Whittaker–

Shannon–Kotel’nikov) sampling theorem says       
                                 which converges both 

in       and absolutely and uniformly on  . As a natural 
generalization of WSK-sampling theorem, many authors 

studied sampling expansion procedure on the general shift 

invariant space             
    under various assumptions 

like continuity and/or decaying condition on the generator 
       

    . For example, Walter considered a real-valued 

continuous orthonormal generator satisfying        
     

              
        with        Chen, Itoh, and Shiki 

considered a continuous Riesz generator satisfying 

       
                  

       with   
 

 
  and Zhou 

and Sun considered a continuous frame generator        
     

satisfying                  
   

 
     . 

( See [1],[3],[8],[10],[11] and [13]) . Noting that the Paley–

Wiener space PW  is a prototype of the reproducing kernel 

Hilbert space, we first find conditions under which 
            

    can be recognized as  a reproducing kernel 
Hilbert space in Sec.2. In Sec.3 ,we find necessary and 

sufficient conditions under which an irregular sampling 

expansion and a regular shifted sampling expansion hold on 
           

     We can relax most of the restrictions imposed 

on the generator        
    before. We also introduce a 

notion of the sampling space, which was first considered by 
Zhou and Sun, and find a sufficient condition for a function in 

      to be in some sampling space. In Sec. 4, we obtain 
truncation error estimates of the sampling series thus obtained. 

Finally in Sec. 5, we provide several illustrating examples. 

 

2. Preliminaries 

 

   Let             be a sequence of elements of a separable 

Hilbert space H with the inner product       and   
                        the closed subspace of H spanned by 

           . Then             is called  

 a Bessel sequence (with a Bessel bound B) if there is  

a constant       such that                 
                (or equivalently     ), 

 a frame sequence  (with frame bounds      ) if there 

are constants        such that A||   ||
2
   

           |2   B||   ||2        , a Riesz sequence 

(with Riesz bounds      ) if there are constants  

        

           
   

        

 

                           

 

where                     , an orthonormal sequence if 

        =      for all m and n in   .  

 

If               is a frame sequence or a Riesz sequence or 

an orthonormal sequence in  , then we say that           
    is  a frame or a Riesz basis or an orthonormal basis of the 

Hilbert subspace   in  . On             , we take the 
Fourier transform to be normalized as 
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so that         becomes a unitary operator from       onto 

     .  

For any        
          , let         

     

                
   

 
      

                            Then                  

       , 

                               and  

          
      

     
             

               

                  . 

 Let        be the support of a locally integrable function  

      as a distribution on   (see [7]), that is,          is 

the largest open subset of   on which  

           a.e. Let                       and      

           . For any 

                    let                     
    be the 

discrete Fourier transform of    . Then                      

                 and             
  

 
                . For 

any                 and                 
  in   , the discrete 

convolution product of c and d is defined by 

                                              .Then 

             
 
     belongs to           and its Fourier series is 

                   so that                
 
     

   

 
     

                                                                             

 

Proposition 2.1: Let        
           and           . 

Then 

(a)            
            is a Bessel sequence with a 

Bessel bound    if and only if                  a.e. on 

       , 

(b)            
            is a frame sequence with 

frame bounds       if and only if 

               

                                                                                            

(c)            
            is a Riesz sequence with 

Riesz bounds  

      if and only if                     a.e. on         , 

(d)            
             is an orthonormal sequence if 

and only if  

            = 1 a.e. on        . 

Proof : (See [6] ) For any        
           and      

               ,  let 

                                   
        be the 

semi-discrete convolution product of c and        
    , 

which may or may not converge in      . In terms of the 

operator T, called the  pre-frame operator of          
   

          , (see [6]):            
           is a 

Bessel sequence with a Bessel bound B if and only if T is a 

bounded linear operator from    into             
   and  

         
               ,       ,            

        

    is a frame sequence with frame bounds       if and only 

if T is a bounded linear operator from     onto 

            
   and  

                                     
                  

                                           

where                                   and       is 

the orthogonal complement of        in   ,            
    

        is a Riesz sequence with Riesz bounds       if and 

only if T is an isomorphism from    onto             
   and 

                     
                                

   

           is an orthonormal sequence if and only if T is a 

unitary operator from    onto             
   . 

 

Lemma 2.1: Let        
           . If            

   

            is  a Bessel sequence, then for any 

                                 

                                                                     

so that 

           
      

    

 

  

                                                         

               

  

 

                                                                    

 

Proof : See [6] and [10]. Let        
     be a frame or    a 

Riesz generator. Then   is an  isomorphism from         onto 

            
    so that 

           

 

   

              

 

   

           

               

 

   

                 

where         
                   

    is the   -      

of                     
      . By (5), we have      

                      a.e. on       so that   

                                      

                                                            

Proposition 2.2 : Let        
            be a frame 

generator and 

        
                   

                 
   where 

      . Then c         if and only if  

                  –                         where  
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          is the canonical dual frame of 

            
            

Proof : Note that we have by (4) for any        
        

                      
   , 

              –          

 

   

 

                                                                                  

                                            

                  
      

         
                         

                       
 

  
              

             

  

 

       

since          
      

       
            (see [15]), where       

is the characteristic function of a subset   of  . Hence 

                –          

   

 

   

     

  
 

  
                 

             

  

 

 

   

  

                            
      

Now,          if and only if      ( ξ) = 0 a.e. on    (see 

(6)). 

 That is,                         
     a.e. on         Hence the 

conclusion follows. A Hilbert space H consisting of complex-

valued functions on a set   is called a reproducing kernel 

Hilbert space  (RKHS in short)  if the  point evaluation 

             is a bounded linear functional on H for each t in 

 . In an RKHS    there is a function        on      , called 

the reproducing kernel of   satisfying   

(i)            for each   in  , 

(ii)                           .  

 

 Moreover, any norm converging sequence in an RKHS H 

converges also uniformly on any subset of    on which        

is bounded (see [9]). 

 If a shift invariant space               
    with a frame 

generator        
     is an RKHS, then its reproducing kernel 

is given by 

                         

 

   

   
   

             –               
 

   

                   –                
 

      

                

where              
            is the canonical dual 

frame of               
           . We now find 

conditions on the generator         
     under which 

            
    can be recognized as an RKHS. Since all 

functions in an RKHS must be pointwise well defined, we 

only consider generators         
    satisfying        

     is 

a complex valued square integrable  

                                                                                                              

If             
    is recognizable as an RKHS with the 

reproducing kernel          
    as in (7), where 

       
     is a frame generator satisfying (8), then  

                     

    

 

                               
 

 

       

 

                                                                                               

             
      

                , 

where   is an upper frame bound of               
      

   . Hence 

                       

 

   

           –      
 

       

 

                                                               

Conversely, we have: 

 

Proposition 2.3: Let        
     be a function satisfying (8) 

and (9). 

(a)  If        
    is a frame generator, then 

             
                   

                 

is an RKHS in P which any        
            

   

        is the pointwise limit of 

                  

 

      

                                 

(b) If        
     is a Riesz generator, then 

            
                    

             is an RKHS 

in which any        
                   

    is the 

pointwise limit of  

                  

 

      

                                 

(c) If         
                     is a continuous frame 

generator satisfying            
       , then 

             
    is an RKHS in which any         

     

              
    is the pointwise limit Of  

                   
      , which converges also in 

      and uniformly on R to a continuous function on   

                 
                   . 

Proof : Assume that        
     is a frame generator 

satisfying (8) and (9). Then for any c in                 
    

converges not only in       but also absolutely on   since 

            
             for any t in   by (9). Then 

              
    is a Hilbert space under the          

product since for any         
                   

    with 
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        ,                
 
         implies       so 

       
         on  . Moreover for any 

                           in               
    and any t 

in  ,  

  

         
                     

    

 
 

  
                   

 
    by (3). Hence               

   is 

an RKHS so that (a) is proved. Then    (b)  follows   from  (a)  

since            so  that           and  

             
                  

     

when          
    is a Riesz generator satisfying (8) and (9). 

Finally let 

        
                  be a frame generator and 

            
         Then for any c in   ,  

               
    converges not only in       but also 

absolutely and uniformly on R to  a continuous function 

       
    on  .  

  Hence               
                . Now for any 

       
                  

    in              
   , 

decompose   into            where          and      

     .  Then 

                    so that               
        on    

since              
    is continuous on   . Hence 

       
                    

                   
     so 

that             
    =             

   is an RKHS as in (a). 

Hence (c) is proved. Note that when         
    is a frame 

generator satisfying (8) and (9) ,                
      

   converges also absolutely on   for any c in   . However 

            
    as a space of the pointwise limits of 

                 
                

 may  not  be a Hilbert space under the   -      product since 

               
 
       implies        

       only a.e. on 

  unless         
    is a Riesz generator or a frame generator 

as in (d). 

 We say that two functions         
   and         

   in 

      are equivalent (see [1]) if they generate the same shift 

invariant space, that is,              
   =              

     

It is then easy to see that         
     and         

    

equivalent if and only if          
                  

      

and         
                  

    . In particular,          

and         
     are equivalent frame generators if and only 

if there are c and d in    such that 

                      

 

   

              

 

   

               

 

   

               

 

   

                                    

Since (10) implies                                  

                 and so 

    
                 

           
                    

     we 

must have                      

       
         

          
    

 if       and 

        
    are equivalent frame generators. 

 

Lemma 2.2 Let         
   and         

   be equivalent 

frame generators. Then         
    is a Riesz generator if 

and only if         
    is a Riesz generator. 

 

Proof: Since         
   and         

    are equivalent 

frame generators ,    
    

   Now      is a Riesz generator 

if and only if     
            

(see Propositions 2.1(b) and 2.1(c)) so that         
   is a 

Riesz generator if  and only if         
   is a Riesz 

generator. Concerning the condition in Proposition 2.4 (c), 

Zhou and Sun’s [38] proved. 

 

Lemma 2.3 : (see [15]). For any         
    in      , the 

followings are equivalent. 

(a)         
           and             

       . 

(b) For any c in   ,              
    converges pointwise to a 

continuous function on  . 

(c) For any c in   ,              
     converges uniformly to 

a continuous function on  . Moreover for any two equivalent 

frame generators         
    

and         
            

          and 

             
        if and only if          

           

and              
       . Here,         

     

                 
   

 

   for j = 1, 2.  Note that 

        
     C( ) and             

        if either 

        
      C( ) and         

                    for 

    
 

 
 or         

           , and         has a compact 

support since when                           , 

        
                        

        
   

 
              

by the Plancherel–P´olya inequality (see [9]). We also have: 

 

Proposition 2.4 If         
            is such that  

         
   

                            

             

 

   

                 

and                 
       . 

Proof: Since                             and 

                                  ,               

      so         
               . Also           

                  
      converges in         . Hence we  

have by the Poisson summation formula (see Lemma 5.1 
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below)                         
       

 
 

   
                  

                       

so that                  
                    

                  
    

 

        
            

 

        
   

Hence             
             

 

        
         

 

3. Sampling Theorems  

We first consider a general irregular sampling. 

Theorem 3.1: Let         
    be a frame generator satisfying 

(8) and (9) so that               
   is an RKHS. Then for any 

sequence           of points in   with 

                  the followings are equivalent on 

              
   . 

(a) There is a frame                 of                
    

such that 

                      

 

   

    
   

             

 

   

   

              

 

   

                         

and              is a moment sequence of a function to 

               , that is , 

                                           

                                                                      

for some        
    in               

   . 

(b) There is a Bessel sequence                   in 

              
    such that 

                       

 

   

               

 

      

   

              

 

   

                            

and there is a constant       such tham                 

       
          

               
                                                           

 (c) There are constants         such that 

                         
                

   

         
        

              

 

   

                             

(d)                 is a frame of               
   , where 

        is the reproducing kernel of               
   . 

Furthermore, if any one of the above equivalent statements 

holds, then the sampling series (11) or (13) converges both in 

      and absolutely and uniformly on any subset   of   on 

which        
    is bounded. 

Proof: Since                                    for any f in 

              
    and any n in  , (c) is equivalent to (d). 

Assume (d) and let                 be the canonical dual 

frame of                  . Then        
     

                                   
        

                    
                     

    

so that (11) holds. Let   be the frame operator of         

         Then 

                             so that 

                                  

                               

                                                                

                                       

so that               is the moment sequence of          to 

               . Hence (a) holds.  Conversely assume (a) 

and let    be the frame operator of                . 

Then we have from (11) and (13) 

      

 

   

     
   

                          

 

   

 

           

 

   

                 

 

   

  

so that        
                

     and for    

               
    and      , 

                                                     

                                                                                                    

Hence                             so that           

        must be the canonical dual frame of         

       . Hence (d) holds. (a) implies (b) with        

              since (a) also implies (c). Assume (b). Then 

by (14) 

                         
 

 

      

            

   

 

         
                       

 

   

 

so that both                    and                  

are Bessel sequences in               
   . Then           

         and                  are dual frames of 

              
    (see [6]) so that (d) holds. Finally assume, 

e.g., that (c) holds. Then                for any    
              

   . Hence as a frame expansion, the sampling 

series (11) or (13) converges both in       and absolutely on 

 . Now for the reproducing kernel          
     

             –        –     
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where    is an upper frame bound of                   . 

Hence as a series in the RKHS              
   , the sampling 

series (11) or (13) converges also uniformly on any subset   

of   on which        
    is bounded. Inspection of the proof 

of Theorem 3.1 shows that the reconstruction frame         

          in (a) is uniquely determined as the canonical dual 

frame of                    but                  in (b) 

need not be unique but may beany dual frame of           

        . Note also that Theorem 3.1 remains true on 

             
                  

    in the cases of 

Propositions 2.3(b) and 2.3(c).In particular, in the case of 

Proposition 2.3(c), the sampling series (11) or (13) converges 

uniformly on   to a continuous function      on  . 

Equivalence of (a) and (c) in Theorem 3.1 was first proved in 

[4] assuming that       is a continuous Riesz generator 

satisfying the growth condition 

          
                       

    with    
 

 
 , which 

implies            
       . In [4], the authors used the 

Gram matrix A of the frame                    in order to 

realize the reconstruction frame                    

claiming that A is invertible (see [4]). But   is not invertible 

in general unless                      is a Riesz basis of 

             
   . 

 As a special case of Theorem 3.1, we now consider regular 

shifted sampling at sampling points                

where          . In the following, we let (see [11]) 

          

 

   

         

 

      

                                               

 

   

     

in      . Then           
    is well defined a.e. on    and 

is quasi-periodic in the sense that 

                 
                  and             

   

                 
     For any  

 measurable function      on  , let            
     

    
   

         

and           
     

   
   

        be the essential infimum and the 

essential supremum of        respectively where     is the 

Lebesgue measure of     We first replace the inequality (15) 

by an equivalent one, which is easier to check.  

Lemma 3.1: Let         
    be a frame generator satisfying 

(8) and (9) and          . Then the followings are 

equivalent. 

 (a) There are constants         such that 

                    
                   

   

        
         

               

 

   

                    

  (b) There are constants         such that 

                               

                                                                                 

Proof : For any         
                   

    in 

              
    with            we have 

             
   

                                

where                     so that     
 
             . 

Hence by (1) and (6)  

            

   

   
 

  
            

  

 

           
 
     

                                  
 

  
            

 

  

           
 
     

Hence by (5) , (16) is equivalent to  

      

 

   

                    

 
 

  
  

 

   

                     
 
         

 

                                                                   

       

 

   

                               

which is also equivalent to 

                                        
 
 

                                                   

Let       be frame bounds of                     . 

Assume (a). Then we have by (2) and (18),      

                 a.e. on     so that (b) holds. Conversely 

assume (b). Then by (2) and (17) 

     
    

 
                        

    

 
        a.e. on     so 

that 

  

 
       

                     
  

 
       

         

               
   ,i.e. (a) holds. 

Combining Theorem 3.1 and Lemma 3.1 , we have  
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Theorem3.2: Let         
    be a frame generator satisfying 

(8) and (9) so that               
    is an RKHS and    

      . Then the followings are equivalent on 

              
   .  

(a) There is a frame                  of 

              
   such that                        

    

                  
            

               
                                                         

Where                   is a moment sequence of a function 

in               
   to                 . 

(b) There is a frame                      of 

              
    such that 

                          

 

   

                       

 

      

   

              

 

   

                                              

(c) There is a Bessel sequence                in       such 

that 

                       

 

   

                  

 

      

     

               

 

   

                                                     

and there is a constant       such that 

            

   

           
        

              

 

   

                                            

(d) There are constants            such that 

        
                    

   

          
         

              

 

   

  

(e) There are constants         such that   

            a.e. on    . 

(f )                        is  a frame of 

              
   . Moreover if any one of the above 

equivalent statements holds , then                    

  , where 

                     

  
      

       
                                                                             

and the sampling series (19),(20),(21) converge both in       

and absolutely and uniformly on any subset   of    on which 

       
    is bounded. 

Proof : Equivalences of (a), (c)–(f) come from Theorem 3.1 

and Lemma 3.1. Assume (a) Then as in the proof of Theorem 

3.1                                             

   , where   is the frame operator of 

                         is the reproducing kernel of 

              
   and  

                      for         comes from (7). 

Then as the canonical dual frame of  

                                                  

    where             . Hence (b) holds. 

                                          

 

   

                 

 

        

  

where                          by (9). Hence 

                       by (4)and so  

                 
 
     . Hence           

 
 
     

     
  

on          since       and      are equivalent frame 

generators, from which we have  
 

  
                 

 

   
 a.e. 

on    where       and         are frame bounds of 

                       and                    

respectively. Hence (e) holds. Moreover we have from 

                               
      

       
 on 

            ,which implies (22) since              

              by (e)  

                                                . Then 

                    
    since  

 

        
                 a.e. 

on    (cf. (6)). The mode of convergence of the sampling 

series (19),(20),(21) was already proved in Theorem 3.1. 

Applying (20) to S(t), we have                          

so that                       provided that            

          is a Riesz basis of      . In fact, we have: 

 

Proposition3.1: Let       be a frame generator satisfying (8) 

and (9) and          . Assume that any one of the six 

equivalent conditions in Theorem 3.2 holds. Then the 

followings are equivalent: 

(a)         
    are a Riesz generator ; 

(b)                               is a Riesz basis of  

              
     

(c)                        

(d)                        is a Riesz basis of 

              
   . Moreover, if any one of the above 

equivalent conditions holds,               
    

              
     

Proof: Note that (b) means that       are a Riesz generator of 

              
   . Then equivalence of (a) and (b) follows 
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from Lemma 2.2. We saw already that (b) implies (c). Assume 

(c) and let        
                 

        for some c 

in      . Then                                Now   

                                –    

   

         

           

          , where                         and      

                . Hence                      a.e. on         so that 

             a.e. on          i.e.      . Hence     = 

        so that                     is a Riesz basis of 

              
     , i.e. (a) holds. Equivalence of (b) and (d) 

follows since                   and              

          are dual  frames each other. Finally 

when         
    is a Riesz generator satisfying (8) and (9), 

              
                  

   since            so  

            .  

Combining Theorem 3.2 and Proposition 3.1 , we have: 

 

Theorem   : Let          
    be a Riesz generator satisfying 

(8) and (9) so that      is an RKHS and           . Then 

any one of the equivalent statements on               
    in 

Theorem 3.2 is also equivalent to each one of the following 

.      There is a Riesz basis                   of 

              
    with which (19) holds.             

           
 
              

 
    . 

(f)'                        is a Riesz basis of 

              
     Moreover if any one of the above equivalent 

statements holds, then 

                           
           –     

             
      

                                                      

where  

                           

  
      

       
                                                                                   

and 

                                            

                                                                           

 

Proof: Theorem 3.2 (a) implies (a)'  by  Proposition 3.1. 

Conversely assume (a)'. Then the sampling series (19) is a 

Riesz basis expansion so that 

                                   

                              

where   is the frame operator of                  . Hence 

                is a moment sequence of          to 

                  so that Theorem 3.2 (a) holds. 

Equivalence of Theorems 3.2 (e) and 3.2 (e)' follows since 

            , i.e.               when         
    is a 

Riesz generator. Since                               

      (f)' means that         is a Riesz generator of 

              
    . Then equivalence of Theorems 3.2 (f) and 

3.2 (f)' follows from Lemma 2.2 since         
    and 

        are equivalent frame generators. We have (25) and 

                     by Proposition 3.1. Hence (23) 

holds since (21) and (25) imply 

        

 

   

             

 

   

 

                         

 

      

  

                             

 

       

          

 

   

        

Finally (20) implies         
                

       

             so that  

                       from which (24) follows since 

                 by (e)'. In Theorem 3.3, we may express 

any                         
       

        

 

   

   
    

             

 

   

   
    

              

 

   

  

which implies by 

                                                  

Hence                            , which gives a relation 

        
    

                  

                              

Coefficients                of       and its sample values 

                 where            

                Walter considered V ( ), where       is a 

real-valued continuous orthonormal generator such that 

        
                       

    with       and 

            on  .Then                    since 

                  so that the condition (e)' for       in 

Theorem 3.3 holds. Hence we have the sampling series 

expansion (20) with        on               
    , which is a 

Riesz basis expansion and converges both in       and 

absolutely and uniformly on   since             
       . 

Chen and Itoh, extending Walter’s, considered a Riesz 

generator   (t) satisfying only                    for some 

  in       and claimed (see [3]) that there is        
     

               
     such that the sampling expansion formula 

(20)holds on               
     in       sense if and only if  

                [0, 2π] and in this case        

                . However there are some gaps in the 

arguments of the proof in [3]. Assuming only        
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            for some   in        which is weaker than the 

condition (9),               
     may not be an RKHS so that 

the point evaluation of functions in               
    need not 

be well defined. Moreover, Chen and Itoh assumed nothing on 

              but we must assume that                  is at 

least a Bessel sequence to derive                          

from (20) (see Lemma 2.1). Then we also have         

         
 
      a.e. on   so that          

 
     which is 

already stronger than                   . The condition 

                    guarantees only that      with  

                        is in               
     and satisfies 

the interpolatory condition                      . In [4], 

the authors proved the equivalences of (a) in Theorem 3.2 , (a)' 

and (e)' in  Theorem 3.3 together with (24) assuming that 

        
    is a continuous Riesz generator satisfying 

        
                       

    with     
 

 
  . Finally 

we consider the case (c) in Proposition 2.3. 

Theorem 3.4: Let                    be a continuous 

frame generator satisfying            
         and 

         . Then any one of the equivalent statements on 

    
          

                    
     in Theorem 3.2 is also 

equivalent to (e)'' there are constants     > 0 such that 

                                     a.e. on  . 

Moreover, if any one of the above equivalent statements holds, 

then 

                    

                                                                 

Where 

                                        

  
      

       
                                                                    

and sampling series (19),(20),(21) converge both in       and  

absolutely and uniformly on  . 

Proof: By the same arguments as in Lemma 3.1, we can easily 

see that the condition  (d) on                
    

     
          

     in  Theorem 3.2 is now  equivalent  to 

       
  

 
                    

  
 

  
                   

 
                                                                           

      
  

 
                            

which is also equivalent to                     
 

 

            a.e. on       . Now by the same arguments as in 

the proof of Lemma 3.1, one can see the equivalence of the 

condition (d) on               
    in Theorem 3.2 and (e)''. 

(26) and (27) are already proved in Theorem 3.2. Finally, the 

sampling series  (21),(20),(21) converge uniformly on   since 

           . Zhou and Sun proved (see Theorem 1 in 

[15]) the equivalence of the condition (b) in Theorem 3.2 and 

(e)'' in the case of      . It is interesting to note that the 

weaker condition (e) in Theorem 3.2 implies the stronger 

condition (e)'' for any continuous frame 

generator        
    with            

       . In [16], 

Zhou and Sun introduced a notion of “sampling space” as: a 

closed subspace V of       is a sampling space if   has a 

frame generator      such that                  converges 

pointwise to a continuous function on   for each     

            in    and         
                       

   

         , which converges both in        and uniformly on 

 . By Theorem 3.4, we can easily see that   is a sampling 

space if and only if   has a frame generator        
    in 

C( ) ∩        satisfying            
        and the 

condition (e)'' in Theorem 3.6 . Then Theorem 3.2 naturally 

leads to the following relaxed notion of a sampling space. 

Definition 3.1: A closed subspace   of         is called a 

sampling space if                    
    for some frame 

generator       satisfying (8) and (9) and there are constants 

       such that                 a.e. on    for 

some   in      . Then Theorem 3.2 implies that any sampling 

space                 
   has a frame                   

    such that 

      

 

   

   
   

              

 

   

   

     
          

 

   

                                         

absolutely on  .  

 

Theorem 3.5: Let              
    be a sampling space where 

        
     and   are the same as in Definition 3.1 . If  

                then there is a sampling space 

             
                   

     where        
    is a 

Riesz generator satisfying (8) and (9), and                  

a.e. on   for some constants              

 

Proof: If         
     it self is a Riesz generator, then we 

may take        
            

      Hence assume that 

        
     is a frame generator with frame bounds         

but not a Rieszgenerator. Then 

                                            and      

            has a positive measure. Take        
    

         
              

   , where          
 

    
    

   and 

            
 

     . Then 
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so that min                     max         a.e. on 

      . Hence        
    is a Riesz generator. Now 

                                            
    

on        by  Lemma 5.1 below. Therefore  

                              

                        on     so that 

min                                 

                                                max       

               a.e. on [0, 2 ].  

Finally we have 

                                              since 

                       and                  . 

Hence        
                  

    so               
    

              
     Note that the sampling space 

             
    in Theorem 3.6 has a Riesz basis       

            for which we have a sampling expansion (see 

Theorem 3.3):       
                          

   

                     
     

Finally we give a sufficient condition that a function    

       belongs to some sampling space. 

 

Theorem 3.6: (see [16]). Let          . If               

and there exist constants          and           such 

that                                           
 
  

                     
 
            

                                                                              

             
 
                                  

then   belongs to some sampling space. 

Proof : Let                                   

             , and          

                                           

 
 
 

 
      

        
                    

 

    
                                   

                                        

                                                                                

Then           
 

  
           

                  

            

 

  
      

    
 

  

 

  
     

                      

 

  

       
 

  

 

  

                         

so that               and                           . 

Then 

         
   

                

 

 
 
 

 
                   

            
        

 

    
                                   

  

so that min 
 

  
                max   

 

  
           

        and      is a Riesz generator. We also have 

   
   

                  

 
 
 

 
               

 

   

           
            

 
 

    
                                        

  

          
   

                          

                                  

       
                   is a continuous Riesz 

generator and              
        by Proposition 2.4. On 

the other hand , we have by Lemma 5.1  below , 

              

 

                                         

         
             

                                                                                   

                

so that               a.e. on        and       is a sampling 

space. Finally we have supp                  = supp 

          by (28) and so                           by (29), 

which implies          . 

 

4. Truncation Error 

  In this section,we assume that        
    is a frame 

generator with frame bounds       satisfying the conditions 

(8) and (9) and for some constants         and    

                      a.e. on supp     .Then by 

Theorem 3.2,     
          

    is an RKHS on which we have 

a sampling expansion (20) 

       

 

   

   
   

              

 

   

  

     
         

 

   

  

where                   is a frame of     
          

    

with frame bounds  
 

    
 

  
  and      satisfies (22).  Let c = 

            be the Fourier coefficients of   
 

        
         ) 

          so that   
 

        
         )=          

   . 

Then        
                   

    and so we have by 

(1)                  
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Hence                                
        

 

                     
                                                  

                            

 

   

   
     

                  

 

   

            

 

   

          

we call                         
                  

   

        –                                                                  

 the nth truncation error of     . We first consider the   -

estimate of            

 

Theorem  4.1 : We have 

             
        

 

   
                   

            

  
 

 
 

 

 
 

 
               

     
          

                                           

Proof :We have by (22) and       

              
     

 

    

 

               
 

     
                                                        

    

  

 

   
     

              

 

       

             
 

               

from which (32) follows immediately since               

          is the canonical dual frame of 

 {                     If moreover,        
    is a Riesz 

generator, then 

 

  
               

     

                  
    

 

   

  

 
 

  
            

     

   

     
         

 

   

  

Concerning the point wise estimate of the truncation error (see 

[36]), we have from (30) and (31) 

             
 

   

  
 

   
      

 

   

  
     

              

      
         

 

   

 

where         
                     

       so that the 

sampling series (20) converges uniformly on any subset of   

on which        
    is bounded . When              

    

        we can improve the   -estimate of the truncation 

error. 

Lemma 4.1: If                                

          then             
      and              for 

any          
          

     In particular , 

     
          

         
          

     

Proof: First              
       by  Proposition 2.4.  For 

any             
          

             
            

   

        for some   in   . Hence                         and 

        

 

  

                

  

 

                              

                                                                               

so that              Finally 

     
          

         
          

    by Proposition 2.3(d). 

Theorem 4.2: If                      then 

             

 

   

 
 

 
       

      
 

   
     

    

     
 

 

 
 
         

         

 

   

                   

Hence the sampling series (20) converges uniformly on  . 

Proof : Now    
                 by Lemma 4.1 so that 

    
       

 

   

   
 

   
  

 

  

   
     

     

         
             

 

   

     

Hence 

            

 

   

 
 

   
  

 

  

   
     

     

         
    

                      

                                          

  
 

   
  

 

  

   
     

     

                    
  

            

from which (33) follows. 

 We first introduce a variance of the Poisson summation 

formula, which is effective in computing        . 

Lemma 5.1 :  Let                 so  that       

                and           . Then 
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which means that  
 

   
        is the Fourier series expansion 

of 

                  
   

                        
   

                

       

  converges  in          or equivalently                  , 

then 

                                       
   

 

 
 

   
                                             

 Proof : Assume that             . Then 

                         
        

   

 

                 

  

 

   
   

                           

                                                                     

   
   

  

       

   

             

  

  

          

so that 

                 
   

                                                

 Hence 

                 
   

                                                                               

                         
 

  
                   

      

                        
      

where 

                  
   

                                                             

                                             

   

  

 

                       

   

          

                                           

                          

  

    

          

                                                                 

  

  

 

              

by the Lebesgue dominated convergence theorem. Hence (34) 

holds. Now assume that              and 

                
   

                                              

                                                           
   

                     

so that (35) holds. Lemma 5.1 is a more generalized version of 

the following result in [3]. 

Corollary 5.1: (see [3]). If      is measurable on   and 

                 converges absolutely in         , then 

            
   

 
 

   
                       

             

     

                  
   

                                                  

     
   

                                                               

            

and                  converges in        . Hence the 

conclusion follows from Lemma 5.1 for      . 

Example 5.1: (see [4],[11] and [14]). Let         
     

             
    and 

       

 

   

                 

 

   

               

 

   

 

 

  

            

 

   

           

 

   

 

 be the cardinal B-spline of degree    Then 

         
 

   
 

        

  
 

   

 and  
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       . 

  It is known in [5] that         
     is an orthonormal 

generator and          
    for    is a continuous Riesz 

generator. Moreover since          
    has compact support,  

           

 

   

        
   

         –         
 

   

 

                      
         

 

   

                      

     . Since               for      and       

   
        

so that by Theorem 3.3, we have an orthonormal expansion 

        

 

   

    
   

                   

 

   

         

       
    

      

 

   

    

which converges in       and uniformly on   since 

       

 

   

           –      
 

      

               

      For              
                                   

                 
         and                 

                                       

   for         so that    
                         Then  

    
      

 
              and      

      
 

=1. Hence by 

Theorem 3.3, for any   with         and    
 

 
    

we have a Riesz basis expansion 

         

 

   

   
   

              –    

 

   

   

         
    

      

 

   

 

which converges  in       and uniformly on   . For 

         
    

 

 
  

              
     

 

   
      

               
     

 

 
                   

     it is known 

(see [4] and [11]) that 

    
      

 
    but 

 
 

 
     

 
 

 
      

 
       

 
 

 
      

 
   so that there is a 

Riesz basis expansion 

                     

 

   

    
   

   
 

 
             

 

   

   

        
    

      

 

   

                                          

which converges in       and uniformly on  . Since the 

optimal upper Riesz bound of the Riesz sequence         

              is 1 (see [5]), we have for the sampling series 

(36) 

             
     

 

   

           
 

 
    

 

     

    

       
    

      

 

   

  

On the other hand, we have 

          
   

                

  
 

   
   
   

      
 

  
    

 

               

  
 

   
   
   

      
 

  
    

 

 
 

   
 

Hence, Theorem 4.2 gives for the sampling series (36) 

              

 

   

      
     

   
 

 
     

  

 

 
 

 

Example 5.2 :  (See [4]) Let        
     =   

   
  

  
     be  the   

Gauss kernel . Then 

           
   

   and 0 <                     <   so that 

       
    is a continuous Riesz generator satisfying  

          

 

   

         
   

              
 

   

 

                                  

and                 , we have by Lemma 5.1 

              
  
 

         
 

   

                  

               

Hence by Theorem 3.3,      
         

    is an RKHS and 

there is a Riesz basis expansion 

        

 

   

     
   

             

 

   

   

      
        

 

   

 

which converges in       and uniformly on   . 

 

Example 5.3 : (see [15]). Let   be a measurable subset of 

       and           
 

   
      . Then        

     

                    so that 

          

 

   

        
   

              
 

   

            

          
   

                    
 

  
                 

Hence        
    is a (tight) continuous frame generator or 
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an orthonormal generator if         or         , 

respectively. Since              and                       

for  0     < 1, we have by Lemma 5.1 

                
   

                   

                      

so that             on       . Hence by Theorem 3.4 , 

     
         

    is an RKHS and there is a frame        

              of       
         

   such that  

                    

 

   

    
   

                   

      
        

 

   

                                               

which converges in       and uniformly on  .When    

       , 

                on   so that       
      

         
 

 

   
                   Hence,                    and so 

(37) becomes 

       

 

   

   
   

                         

 

   

          

                           shifted cardinal series on     (see 

[9]). Moreover, applying Theorems 4.1 and  4.2, we have for 

the sampling series (37) 

             
     
 

 

   

  

 

             

     

  

and 

              
 

 

   

 

 

  
   

  
   

     

            

 
 

   

       
        

 

   

  

Finally, we give an example of a Riesz generator        
    

with            
       

Example 5.4: For any        
               the Fourier 

series expansion  

          

                
 

  
  
   

                           
     

where 

                           

 

  

                                     

                                           

 

  

             –                    

 

   

  

Hence if  supp            then        
 

  
    a.e. on   so 

that        
      a Riesz 

                           

 

   

       
    

 

   

 

   

          

   
 

  
 

 

    
         

       

 

   

  

  
             

                    

 

   

                       

               and (9) but            
      since   

      

 

   

   
   

          –      
 

   

  

  
                                              

        
 

  
     

 

    
      

            

Since we have 

               and                       for    

         Theorem 3.3 implies that for any   with        

    there is a                       

       

 

   

   
   

              

 

   

   

      
        

 

   

  

      converges  in       and absolutely on    . 

  Now we show the following Corollary 

Corollary    : Get               so  that       

                and      . Then 

                         
      

                                               

                              
      

   
 

   
     
   

         

  
 

   
  
   

              

   

              

which means that  
 

   
               is the Fourier series 

expansion of 

                         
      

                     
   

                             
   

 

  converges  in          or equivalently                , 

then                                       
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 Proof : Assume that              . Then 

                                
        

      

                   

  

 

   

      

          

   
   

   

       

   

          

   

 

    

  

  

          

   

 

so that  

                               

                                               

 Hence 

                        
      

                                                                               

  
 

  
                          

         

              

   

                  

   

  

where 

                         
      

              

   

                                                

   

  

 

                                      

      

  

                                        

  

       

  

          
            

  

     

             

by the Lebesgue dominated convergence theorem. Hence (38) 

holds. Now assume that               and 

                              

                                             

                                                                         

      in           so that (39) holds.  
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